Noncommutative real scalar field theory in 2+1 dimensions at finite
  temperature by Fosco, C. D. & Silva, G. A.
ar
X
iv
:0
71
0.
38
36
v2
  [
he
p-
th]
  3
 Ja
n 2
00
8
Nonommutative real salar eld theory in
2 + 1 dimensions at nite temperature
C. D. Foso
a
and G. A. Silva
b
a
Centro Atómio Barilohe and Instituto Balseiro
Comisión Naional de Energía Atómia
R8402AGP Barilohe, Argentina.
b
IFLP/CONICET-Departamento de Físia
Universidad Naional de La Plata
C.C. 67, 1900 La Plata, Argentina.
Abstrat
We study thermal eets for a nonommutative real salar eld in 2+1
dimensions inluding a Grosse-Wulkenhaar term. Using a perturbative
expansion for the free energy, we dedue some general properties of the
orresponding ontributions, in the thermodynami limit. We show
that the model an be onsistently interpreted as dened on a nite
volume, whih is naturally determined by the nonommutativity sale.
1 Introdution
The lass of Nonommutative Quantum Field Theories (NCQFT's) obtained
by a Moyal deformation of the usual (pointwise) produt of funtions, has
been extensively studied in reent years [1, 2℄. One of the main reasons for
the renewed interest in this subjet may be found in its relevane to the
dynamis of open string theories in non-vanishing onstant antisymmetri
NS bakgrounds, a set up that leads to nonommutativity between the string
endpoint oordinates [3℄.
From a quite dierent standpoint, this topi has also attrated attention
beause NCQFT's seem to be very good andidates for an eetive desrip-
tion of the Quantum Hall Eet (QHE) [4℄. Indeed, the existene of a strong
magneti eld normal to an (essentially) two-dimensional sample, paves the
way to the use of the Peierls substitution, whereby the two spatial oordinates
orresponding to eah harged partile beome nonommuting operators [5℄.
1
In these NCQFT's one usually onsiders quantum elds endowed with a
non-ommutative (Moyal) ⋆ produt whih, for two funtions f(x) and g(x)
(x ∈ R(d)), may be dened as follows:
(
f ⋆ g
)
(x) ≡
[
e
i
2
θµν∂
x
µ∂
y
ν f(x) g(y)
]
y→x
. (1)
Here, θµν is a onstant antisymmetri tensor, and µ, ν run over the spaetime
indies. Sine we shall be onerned with the ase of 2 + 1-dimensional, i.e.,
`planar' theories, the θµν tensor does neessarily have a zero mode. We shall
assume that this zero mode orresponds to the time-like (µ = 0) diretion,
having in mind instanes where the nonommutativity is, indeed, due to
a physial magneti eld, as in the QHE. The θµν tensor will thus verify
θ0µ = 0 and the time-like oordinate x0 behaves, to all eets, as a ommuting
objet
1
.
In this paper, we shall be onerned with the alulation of thermal ef-
fets in the NCQFT of a real salar eld. Many interesting results have
reently been obtained by onsidering nonommutative systems obtained by
a Moyal deformation of a standard QFT, at a nite temperature [6, 7, 8, 9℄.
However, we want to onsider here the ase of a model equipped with a
Grosse-Wulkenhaar (GW) term [10, 11℄ (see also [12℄). The reason for on-
sidering this kind of theory, rather than standard ones is, in our ontext,
twofold. Firstly, from a fundamental QFT point of view (not neessarily at
a nite temperature), we should do that in order to solve the non-deoupling
of UV and IR utuations that unavoidably manifests in the absene of suh
a term (a phenomenon usually known as `IR-UV mixing' [13℄). As a by prod-
ut, one nds that a NCQFT without a GW-term is, moreover, `anomalous'
under the Langmann-Szabo duality [14℄.
Seondly, and this is partiularly relevant for the ase at hand, one may
also want to inlude the GW-term beause it eetively onnes the system
to a nite volume, whih is ontrolled by the strength of that term. This situ-
ation is, indeed, of physial interest when one wants to onsider NCQFT at a
nite temperature, in partiular for the alulation of the free energy. There,
one has to assume that the theory has been dened on a nite volume, and
that volume tends to innity at the end, when one takes the thermodynami
limit. This is not an issue in the ommutative ase, where one an simply use
a box and impose periodi boundary onditions for the elds. The situation
is not so simple in the nonommutative ase, however, sine one should have
to fae the problem of imposing boundary onditions for the NCQFT dened
in a nite volume, with the related tehnial diulties.
1
This is partiularly relevant to thermal eld theory sine the temperature is a om-
muting objet so must therefore be the imaginary time τ .
2
The GW-term introdues, for the ase at hand, a kind of external har-
moni potential. It should be reminded that nonommutative theories in-
luding a oupling to an external (usually magneti) eld do have interest-
ing properties, even in the ontext of nonommutative quantum mehan-
is [15, 16℄. Indeed, for a (nonommutative) harged partile an interesting
distintion between two dierent phases naturally emerges, depending on the
ratio between the external magneti eld strength B and the nonommuta-
tivity parameter θ. Those phases, orresponding to Hamiltonians having
essentially dierent spetra, are separated by a ritial point determined by
a relation θB = κ, where κ is a numerial onstant of order 1, whose preise
value depends on the units and onventions adopted. At that ritial point
the system beomes exatly solvable [17℄ (even in the presene of an external
potential [16℄) and there is, moreover, an eetive `dimensional redution'
[15℄.
For the real salar eld we shall deal with in this work, there is also
an interesting interplay between the strength of the GW-term Ω2 and the
nonommutativity parameter θ, although the symmetry properties are quite
dierent to the ones in the harged eld ase.
In this paper we study the perturbative alulation of the free energy
for that model, foussing on the general properties of the rst few terms,
providing expliit results whenever possible. We do that mostly for the self-
dual ase (Ω = 1), and disuss the relation between them with the Ω 6= 1 ase.
The artile is organized as follows: in setion 2, we present the perturbative
alulation of the free energy for a real salar eld in 2 + 1 dimensions with
a Grosse-Wulkenhaar term. In setion 3, we present our onlusions.
2 Perturbative alulation of the free energy
2.1 General onsiderations
Let us briey review here the usual approah to the alulation of the free
energy, in the path-integral (imaginary-time) ontext [18℄, to apply it after-
wards to the real salar eld ase.
We shall start from the partition funtion Z, depending on β ≡ T−1 and,
eventually (i.e., when there is a non-trivial internal onserved harge) on a
hemial potential. The funtional integral representation of Z has the form
Z =
∫
Dµ e−S , (2)
where Dµ denotes the funtional integration measure orresponding to the
spae of elds being onsidered, whih requires periodi or antiperiodi ondi-
3
tions for the imaginary-time oordinate x0 ≡ τ , aording to the elds being
bosoni or fermioni, respetively.
In (2), S denotes the Eulidean ation for a nite imaginary-time interval,
namely, τ ∈ [0, β]. The ations that we shall onsider may be naturally
deomposed as follows:
S = S0 + SI , (3)
where S0 denotes the free, i.e., quadrati, part of the ation, and SI the
interation piee (at least ubi in the elds). Note that the GW-term shall
be thus inluded in S0.
Based on the above deomposition for the ation, one arrives to the ex-
pression
Z = Z0 〈e−SI 〉 (4)
where
Z0 =
∫
Dµ e−S0 , (5)
and we have introdued the notation:
〈. . .〉 ≡ 1Z0
∫
Dµ . . . e−S0 , (6)
for Gaussian averages dened by the free ation.
When onstruting an expansion in powers of SI , it turns out to be simpler
to onsider the free energy F ≡ − 1
β
lnZ. Indeed, one easily nds that
F = F0 + FI (7)
where
F0 = − 1
β
lnZ0 (8)
and
FI ≡ − 1
β
ln 〈e−SI 〉 . (9)
Expanding FI in powers of SI , one obtains
FI = F (1)I + F (2)I + F (3)I + . . . (10)
where
F (1)I =
1
β
〈SI〉 , (11)
F (2)I = −
1
2!β
〈(
SI − 〈SI〉
)2〉
, (12)
4
F (3)I =
1
3!β
〈(
SI − 〈SI〉
)3〉
, . . . (13)
In the remaining parts of this setion, we rst dene the model that we
shall study in detail, and afterwards we alulate the rst few terms in the
above-dened expansion.
2.2 The model
The model is dened by an Eulidean ation S = S0 + SI , with
S0 =
1
2
∫ β
0
dτ
∫
d2x
[
∂µφ ⋆ ∂µφ + Ω
2 (x˜iφ) ⋆ (x˜iφ) + m
2φ ⋆ φ
]
(14)
where x˜i ≡ 2(θ−1)ij xj , and
SI =
λ
4!
∫ β
0
dτ
∫
d2xφ ⋆ φ ⋆ φ ⋆ φ . (15)
We shall assume that θ > 0 and Ω ≥ 0 (without any lose of generality).
The harmoni potential proportional to Ω2 in (14) is the GW term. It
has been shown that its onning properties provide an infrared uto and,
by the same token, tame the IR problem due to IR/UV mixing [11℄.
By using elementary properties of the Moyal produt, the free ation S0
may also be written in the equivalent way
S0 =
1
2
∫ β
0
dτ
∫
d2x
[
∂τφ ⋆ ∂τφ +
(1 + Ω2
2
)
φ ⋆ x˜j ⋆ x˜j ⋆ φ
−(1− Ω2
2
)(
x˜j ⋆ φ ⋆ x˜j ⋆ φ
)
+ m2φ ⋆ φ
]
. (16)
2.3 Zeroth order (`ideal gas')
The zeroth-order term Z0 is obtained from the evaluation of a Gaussian
funtional integral,
Z0 =
∫
Dφ e−S0[φ] . (17)
Following the usual proedure of QFT at nite temperature, we deompose
the eld φ, periodi in the time oordinate, in terms of its Fourier omponents
φ(x) = φ(τ,x) = β−
1
2
+∞∑
n=−∞
eiωnτ φn(x) , (18)
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with ωn =
2πn
β
. Sine we are onsidering a real eld, φ† = φ, one has
φ†0(x) = φ0(x) , φ
†
n(x) = φ−n(x) , ∀n ≥ 1 . (19)
In terms of these modes, the free ation beomes a deoupled sum of (d = 2)
ations, involving a real eld φ0 and an innite number of omplex elds φn
S0[φ] = S
(0)
0 [φ0] +
∞∑
n=1
S
(n)
0 [φ
†
n, φn] , (20)
where
S
(0)
0 [φ0] =
1
2
∫
d2x
[
∂jφ0 ⋆ ∂jφ0 + Ω
2(x˜jφ0) ⋆ (x˜jφ0) + m
2φ0 ⋆ φ0
]
(21)
and
S
(n)
0 [φ
†
n, φn] =
∫
d2x
[
∂jφ
†
n ⋆ ∂jφn + Ω
2(x˜jφ
†
n) ⋆ (x˜jφn)
+ (m2 + ω2n)φ
†
n ⋆ φn
]
, n ≥ 1 . (22)
For eah one of these two-dimensional theories we use the matrix base [19℄
to expand the elds as
φn(x) =
∞∑
i,j=0
φ(i,j)n b
(i,j)(x)
φ†n(x) =
∞∑
i,j=0
φ¯(i,j)n b
(j,i)(x) . (23)
The integration measure Dφ in (17) is dened in terms of the Fourier om-
ponents (18) as
Dφ = Dφ0
∞∏
n=1
Dφ†nDφn . (24)
The expliit form for them is
Dφ0 =
(∏
i
Dφ(i,i)0
) ∏
i<j
Dφ¯(i,j)0 Dφ(i,j)0 , (25)
and
Dφ†nDφn =
∏
ij
Dφ¯(i,j)n Dφ(i,j)n . (26)
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In terms of the matrix base deomposition (23), the ations (21)-(22) take
the form
S
(0)
0 [φ0] = (2πθ)
1
2
∑
i1,i2;j1,j2
φ
(i1,i2)
0 G(i2,i1;j1,j2)0 φ(j1,j2)0
= (2πθ)
1
2
∑
i;j
φ
(i,i)
0 G(i,i;j,j)0 φ(j,j)0 + (2πθ)
∑
i1<i2;j1<j2
φ¯
(i1,i2)
0 G(i1,i2;j1,j2)0 φ(j1,j2)0
(27)
and
S
(n)
0 [φ
†
n, φn] = 2πθ
∑
i1,i2;j1,j2
φ¯(i1,i2)n G(i1,i2;j1,j2)n φ(j1,j2)n , ∀n ≥ 1 , (28)
where
2
G(i1,i2;j1,j2)n =
[
m2 + ω2n + µ
2(i1 + i2 + 1)
]
δi1j1δi2j2
− µ2√ω
√
(i1 + 1)(i2 + 1) δi1+1,j1δi2+1,j2
− µ2√ω√i1i2 δi1−1,j1δi2−1,j2 , (29)
with
µ2 = 2
(1 + Ω2)
θ
,
√
ω =
1− Ω2
1 + Ω2
. (30)
The integrals over the dierent Fourier modes deouple,
Z0 =
∞∏
n=0
Z(n)0 , (31)
where
Z(0)0 =
∫
Dφ0 e−S
(0)
0 [φ0]
(32)
and
Z(n)0 =
∫
Dφ†nDφn e−S
(n)
0 [φ
†
n,φn] . (33)
A areful use of the matrix base deomposition shows that the following
expressions hold true
3
lnZ(0)0 = −
1
2
Tr lnG0 (34)
2
Note that our onvention for the kernel diers with the one used in [10, 11℄ in a
transposition of the rst pair of indies.
3
Although we are taking the logarithm of a dimensional quantity in (36), a preise
meaning an be given to the formula using the analyti regularization tehnique [20℄.
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and
lnZ(n)0 = −Tr lnGn . (35)
In this last expressions the trae operation Tr should be understood as taken
over the whole set of matrix base elements {b(i,j)}. Thus,
lnZ0 = −1
2
Tr lnG0 −
∞∑
n=1
Tr lnGn
= −1
2
∞∑
n=−∞
Tr lnGn . (36)
The sum over n an of ourse be alulated (see for example [20℄), so that
we may write the orresponding ontribution to the free energy as follows:
F0 = 1
2
Tr
√
H + β−1Tr ln
(
1− e−β
√
H
)
(37)
where an operator H is introdued, suh that its matrix elements in the
matrix basis {b(i,j)} are
H(i1,i2;j1,j2) ≡
∫
d2x [b(i1,i2)(x)]†H(x) b(j1,j2)(x)
=
(
m2 + µ2(i1 + i2 + 1)
)
δi1j1δi2j2
−µ2√ω
√
(i1 + 1)(i2 + 1)δi1+1,j1δi2+1,j2
−µ2√ω√i1i2 δi1−1,j1δi2−1,j2 . (38)
In what follows, the rst (β-independent) term in (37), whih orresponds
to the vauum energy part, shall be negleted sine it does not ontribute to
the thermodynamial properties of the system.
We proeed in the next paragraphs to evaluate F0 for dierent values
of the onstant Ω2. We rst onsider the simplest Ω2 = 1 ase, and then
extend the result to the general Ω2 6= 1 situation by mapping the latter to
the former.
2.3.1 The self-dual Ω2 = 1 ase
The Ω2 = 1 ase beomes simple sine ω given by (30) beomes zero and
therefore the H kernel is diagonal. Expliitly,
H(i1,i2;j1,j2) =
(
m2 +
4
θ
(i1 + i2 + 1)
)
δi1j1 δi2j2 . (39)
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It's eigenvalues hl are
hl =
(
m2 +
4
θ
(l + 1)
)
, l = 0, 1, 2, . . . (40)
with a degeneray equal to l + 1 (the number of dierent ways to obtain an
integer l by adding two non-negative integers i1 and i2). The degeneray in
the energy for the free theory an be seen to have its origin in the existene
of a dynamial SU(2) symmetry for the two dimensional isotropi osillator
(more on this below, see set. 2.5). The free energy of the self-dual model is
then [
F0
]
Ω2=1
= β−1
∞∑
l=1
l ln
(
1 − e−β
√
m2+ 4
θ
l
)
. (41)
2.3.2 The general ase
The general ase orresponding to an arbitrary value of Ω2 an also be dealt
with exatly. We rst note that the matrix elements of H may be regarded
as the ones orresponding to an Hermitian operator onstruted out of two
independent sets of harmoni osillator annihilation and reation operators
aα, a
†
α (α = 1, 2), as follows:
H = m2 + µ2
(
a†1a1 + a
†
2a2 + 1
) − µ2√ω(a1a2 + a†1a†2) . (42)
The form of (42) will be simplied by performing a Bogoliubov transforma-
tion. We rst introdue a two-omponent vetor a:
a =
(
a1
a†2
)
, (43)
from whih a new two-omponent operator a(α) is obtained by performing
the (unitary) Bogoliubov transformation
a(α) = U †(α) aU(α) (44)
with
U(α) = ei αG (45)
and the innitesimal generator G given by
G = i(a1a2 − a†2a†1) . (46)
The transformation U(α) maps the original operators ai to new ones bi, suh
that
b ≡ a(α) =
(
coshα sinhα
sinhα coshα
)
a . (47)
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We shall x the hyperboli angle α by requiring the transformed operator
H(α) ≡ U †(α)H U(α), to be diagonal in terms of the new operators bi. This
amounts to the equation
tanh(2α) =
Ω2 − 1
Ω2 + 1
, (48)
to be satised. In terms of the new operators, the rotated HamiltonianH(α)
adopts the form
H(α) = m2 +
µ2
cosh 2α
(
b†1b1 + b
†
2b2 + 1
)
= m2 +
4Ω
θ
(
b†1b1 + b
†
2b2 + 1
)
. (49)
It is then immediate to obtain the free energy in the general ase from the
one orresponding to the self-dual ase by making the substitution
4
θ
→ 4Ω
θ
in (41),
F0 = β−1
∞∑
l=1
l ln
(
1 − e−β
√
m2+ 4Ω
θ
l
)
. (50)
It is instrutive to onsider the smallΩ limit of the expression above, sine
we expet it to be related to the orresponding free energy in the absene of
the harmoni Ω2-term. Besides, sine this term plays the role of a onning
potential, it naturally denes an eetive physial volume V of order θ/(4Ω).
To simplify matters, we assume m = 0. For Ω ≪ 1, we approximate the
sum in (50) by an integral, by making an elementary hange of variables, one
obtains,
F0 ≃ T 3 V θT
2
4Ω
∫ ∞
0
dy y ln
(
1 − e−√y) . (51)
The free energy density f0 is therefore
f0 ≃ T 3 θT
2
4Ω
∫ ∞
0
dy y ln
(
1 − e−√y) . (52)
This should be ompared with the free energy density for a free ommutative
salar eld in a box (whih oinides with the result for a free nonommuta-
tive theory in an innite volume with no harmoni term)
[
f0
]
comm
= T 3
1
2π
∫ ∞
0
dy y ln
(
1 − e−y) . (53)
An important qualitative dierene between the results (52) and (53) an
be noted due to the appearane of a (dimensionless) fator
πθT 2
2Ω
.
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The Ω → 0 limit depends then on whether one takes it before or after
evaluating the free energy. Indeed, a free NCQFT without the GW term (Ω =
0) yields (53), whih oinides with the result for a free ommutative QFT.
On the other hand, we see that taking the Ω → 0 limit after the evaluation
of the free energy yields instead a divergent result and does not math the
Ω = 0 result. This behavior is reminisent to the well known subtlety when
taking the ommutative θ → 0 limit of non-ommutative theories [13℄.
We onlude this subsetion by noting that the transformation that diag-
onalies H is of the type onsidered when dealing with `two-mode squeezed
states', in a quite dierent ontext [21℄. We an however, take advantage of
the equivalent form of the transformation in order to extrat onlusions for
the ase at hand.
As an example, the ground state of the model for arbitrary Ω may be
obtained as follows: sine the transformed operator H(α) in (49) is diagonal
in the bi basis, we may read o its `ground state' |0(α)〉 as the one annihilated
by the bi operators. Taking advantage of the relation (47) it is therefore
possible to write an expliit relation between the ground state for arbitrary Ω,
|0〉Ω ≡ |0(α)〉, and the ground state |0〉Ω=1 ≡ |0〉 of the self-dual Hamiltonian
(39). The relation between them an be shown to be given by [21℄,
|0(α)〉 = 1
coshα
e− tanhαa
†
1a
†
2 |0〉 . (54)
Or, in terms of the model parameters,
|0〉Ω = 2
√
Ω
1 + Ω
e−|
1−Ω
1+Ω
| a†1a†2 |0〉Ω=1 . (55)
This is an example of a two-mode squeezed state (see [21℄).
2.4 First-order term
We proeed now to evaluate the rst-order ontribution to the free energy,
F (1)I . The expression for (11) in terms of the (Matsubara) Fourier omponents
for the eld φ is
F (1)I =
2πλθ
4!β2
+∞∑
n1,...,n4=−∞
+∞∑
i1,...,i4=0
δP
i ni=0
〈φ(i1,i2)n1 φ(i2,i3)n2 φ(i3,i4)n3 φ(i4,i1)n4 〉 . (56)
Moreover, sine the averages above are dened by a quadrati weight, an
appliation of Wik's theorem yields,
〈φ(i1,i2)n1 φ(i2,i3)n2 φ(i3,i4)n3 φ(i4,i1)n4 〉 = 〈φ(i1,i2)n1 φ(i2,i3)n2 〉 〈φ(i3,i4)n3 φ(i4,i1)n4 〉
+ 〈φ(i1,i2)n1 φ(i3,i4)n3 〉 〈φ(i2,i3)n2 φ(i4,i1)n4 〉
+ 〈φ(i1,i2)n1 φ(i4,i1)n4 〉 〈φ(i2,i3)n2 φ(i3,i4)n3 〉 . (57)
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Sine the quadrati ation S0 only mixes Fourier omponents suh that their
Matsubara indies add up to zero, we have,
F (1)I =
2πλθ
4!β2
∑
n1,n2
∑
i1,...,i4
(
〈φ(i1,i2)−n1 φ(i2,i3)n1 〉 〈φ(i3,i4)−n2 φ(i4,i1)n2 〉
+ 〈φ(i1,i2)−n1 φ(i3,i4)n1 〉 〈φ(i2,i3)−n2 φ(i4,i1)n2 〉+ 〈φ(i1,i2)−n1 φ(i4,i1)n1 〉 〈φ(i2,i3)−n2 φ(i3,i4)n2 〉
)
. (58)
Relabeling indies and ombining idential terms we end up with,
F (1)I =
2πλθ
4!β2
∑
n1,n2
∑
i1,...,i4
(
2 〈φ(i1,i2)−n1 φ(i2,i3)n1 〉 〈φ(i3,i4)−n2 φ(i4,i1)n2 〉
+ 〈φ(i1,i2)−n1 φ(i3,i4)n1 〉 〈φ(i2,i3)−n2 φ(i4,i1)n2 〉
)
. (59)
The rst term an be interpreted as a planar graph in standard double line
notation (see [13℄), while the seond one an be seen to be non-planar. In
the expressions above, the two point free orrelation funtion is determined
from the quadrati ation (14), and its form strongly depends on the value
of Ω.
As we did for the zero-order term, we perform in the following setion the
expliit alulation for the self-dual point. We shall then omment on the
general ase omputation.
2.4.1 Self-dual ase
As disussed in setion 2.3.1 the Ω = 1 ase is partiularly simple sine
the quadrati part of the ation is diagonal. We now proeed to ompute
the rst-order term (59) taking into aount that the two point orrelation
funtion adopts, for the self-dual ase, the quite simple form,
〈φ(i1,i2)−n φ(j1,j2)n 〉 = 〈φ¯(i2,i1)n φ(j1,j2)n 〉
=
1
2πθ
(
m2 + ω2n +
4
θ
(i1 + i2 + 1)
)−1
δi1j2 δi2j1 . (60)
We separate the planar and non-planar ontributions as,
F (1)I = P + Q (61)
where
P =
λ
4!β2πθ
∑
n1,n2
∑
i1,i2,i
[(
m2 + ω2n1 +
4
θ
(i1 + i+ 1)
)−1
× (m2 + ω2n2 + 4θ (i2 + i+ 1)
)−1]
, (62)
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and
Q =
λ
4! 2πθ β2
∑
n1,n2
∑
i
[(
m2 + ω2n1 +
4
θ
(2i+ 1)
)−1
× (m2 + ω2n2 + 4θ (2i+ 1)
)−1]
. (63)
The i's indies struture in the last two equations manifest the expeted worse
UV behavior for the planar ontribution (62) as ompared to the non-planar
one (63)
4
.
It is useful for what follows to simplify the expressions (62)-(63). We rst
note that the planar ontribution may be written as,
P =
λ
4!πθ
∞∑
i=0
[S(i) ]2 , (64)
where
S(i) = 1
β
∞∑
n=−∞
∞∑
j=0
(
m2 + ω2n +
4
θ
(i+ j + 1)
)−1
. (65)
For the non-planar term, we have instead,
Q =
λ
4!2πθ
∞∑
i=0
[T (i)]2 , (66)
where
T (i) = 1
β
∞∑
n=−∞
(
m2 + ω2n +
4
θ
(2i+ 1)
)−1
. (67)
It is evident that there are UV divergenes lurking in the expressions
(64)-(66), and we now deal with them. We will show below that to rst
order in λ, as it happens in the ommutative ase at nite temperature (see
[18℄), only a mass ounterterm is required to give meaning to the free energy.
Let us begin omputing the two point funtion ounterterm to rst order
in λ, sine it should be taken into aount in the alulation of the free
energy we performed above. It is straightforward to see that the divergent
ontribution to the quadrati part of the eetive ation omes from a planar
tadpole diagram and takes the form,
Γ2[φ]
∣∣∣∣
div
=
λ
3!(2πθ)
S0(is)
∫ β
0
dτ
∫
d2xφ ⋆ φ , (68)
4
The number of sums in i for any diagram an be seen to be equal, when drawing it in
double line notation, to the number of independent loops.
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where S0(i) an be identied as the zero temperature part of S(i), namely,
S0(i) =
∫
dω
2π
∞∑
k=0
1
ω2 +m2 + 4
θ
(k + i+ 1)
, (69)
easily seen to be UV divergent for any arbitrary integer i (interpreted in (68)
as the substration point). Performing the integral over ω, one an write this
last expression as,
S0(i) =
√
θ
4
ζ(
1
2
,
m2θ
4
+ i+ 1) , (70)
where now, ζ(s, a) should be understood as the analytial ontinuation in s of
the generalized Riemann (Hurwitz) ζ funtion. The analytial regularization
renders a nite result for (70), the (innite) ambiguity onstant of whih is
xed by a renormalization ondition for the mass parameter.
We therefore x the mass ounterterm to have the form
5
,
δm2 = − λ
3!πθ
S0(0) . (71)
This ounterterm anels the relevant divergenes in P when the regulariza-
tion is removed. Separating S(i) into its zero temperature part S0 plus its
thermal ontribution ST (whih vanishes at T = 0), we get,
P =
λ
4!πθ
∞∑
i=0
ST (i)ST (i)
+
2λ
4!πθ
∞∑
i=0
S0(i)ST (i) + λ
4!πθ
∞∑
i=0
S0(i)S0(i) . (72)
The last term will be ignored from now on, sine we are not interested in
temperature-independent terms (whih amount to vauum energy ontribu-
tions). The divergene in the seond term is, on the other hand, exatly
aneled by the hosen mass ounterterm (71). Thus, the renormalized P
beomes,
Pren =
λ
4!πθ
∞∑
i=0
ST (i)ST (i) + 2λ
4!πθ
∞∑
i=0
S˜0(i)ST (i) (73)
where S˜0(i) ≡ S0(i)− S0(0).
5
We x the substration point is in (68) to be zero.
14
On the other hand, the divergent part of Q gets aneled by just sub-
trating the temperature independent (vauum-energy) ontribution. In-
deed, splitting T as we did for S, we have,
Qren =
λ
4!2πθ
∞∑
i=0
TT (i)TT (i) + 2λ
4!2πθ
∞∑
i=0
T0(i)TT (i) , (74)
where (ontrary to what happened in the alulation of Pren) there is no
ontribution to Q from the ounterterm (71), sine its insertion yields, to
this order, only planar ontributions.
Expliitly the funtion S˜0(i) takes the form,
S˜0(i) =
√
θ
4
[
ζ(
1
2
,
m2θ
4
+ i+ 1) − ζ(1
2
,
m2θ
4
+ 1)
]
= −
√
θ
4
i∑
k=1
1√
k + m
2θ
4
. (75)
The temperature dependent piee, ST (i) is, on the other hand, given by
ST (i) =
√
θ
2
∞∑
j=0
1√
m2θ
4
+ j + i+ 1
1
e
2β√
θ
q
m2θ
4
+j+i+1 − 1
=
√
θ
2
∞∑
j=i
1√
m2θ
4
+ j + 1
1
e
2β√
θ
q
m2θ
4
+j+1 − 1
. (76)
For T (i) we obtain,
T0(i) =
√
θ
4
1√
m2θ
4
+ 2i+ 1
(77)
and
TT (i) =
√
θ
2
1√
m2θ
4
+ 2i+ 1
1
e
2β√
θ
q
m2θ
4
+2i+1 − 1
. (78)
Inserting the previous expressions into Pren and Qren yields the rst order
ontribution in λ to the free energy as a ombination of multiple series, whih
annot, in general, be summed in losed form. However, for the massless ase
it is easy to see that the rst order orretion will have the form
F (1)I = λ f(
√
θT ) . (79)
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This is, λ times a funtion of the dimensionless ombination involving the
nonommutativity parameter θ and the temperature T . In the limit
√
θT >>
1, one an also see that the leading behavior of the free energy is of the form
f(x) ∼ x2, thus,
F (1)I ∼ λ θ T 2 . (80)
This leading ontribution omes only from the planar diagrams P , as the
non-planar ones Q vanish in this limit.
It is worth noting that, in the massless limit, the orresponding ontri-
bution for the ommutative analogue of this model has a similar form,
[F (1)I ]comm = κλL2 T 2 , (81)
where L2 is the `volume' (i.e., area) of the system, and κ is a numerial on-
stant. The nonommutativity parameter θ appears again as playing the role
of the area of the system, at least when that parameter is big in omparison
with the temperature. This is our seond argument for interpreting
θ
4Ω
(here
Ω = 1) as the `volumen' of the system.
2.4.2 General ase
For general Ω the ompliated form of the propagator renders the alula-
tion of rst order omputations quite involved. However, when onsidering
the free energy in the large θ (`thermodynami') limit, an important sim-
pliation arises. Indeed, in this limit only the planar diagrams ontribute:
the reason (as it happened for the self-dual ase) is that non-planar graphs,
having less independent summations, have a softer saling behavior in the
thermodynami limit, and therefore get suppressed. Sine only planar dia-
grams are relevant, one an then take advantage of the Bogoliubov transfor-
mation of the free ase, whih allows one to map the non self-dual ase to
the dual one, by a simple resaling of θ in the propagators. For the planar
ontribution (and only for them) the unitary operators anel out. Thus, in
the thermodynami limit, the result for the free energy orretion F (1)I only
dier from a
1
Ω
fator in omparison with the self-dual ontribution (as it
was the ase for the ideal gas term).
2.5 Summation of the planar ring diagrams for the self-
dual ase
We onlude this setion by onsidering the summation of the planar ring
diagrams (non planar are disarded, sine we have in mind the large-volume
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limit). We do this in order to exhibit some of the peuliarities of the present
model.
The seond order term in the (renormalized) eetive ation is given by,
[
Γ2(φ)
]
ren
=
λ
2× 3!
∫ β
0
dτ
∞∑
i,j=0
φ(j,i)(τ)
[S˜0(i) + ST (i)
+ S˜0(j) + ST (j)
]
φ(i,j)(τ) , (82)
where we have kept the same notations as in the previous subsetion.
We note that, being this ontribution diagonal in the matrix base, the
ontribution orresponding to the summation of the ring diagrams an be
written straightforwardly. Indeed, it orresponds to the alulation of the
Gaussian funtional integral that results from the inlusion of the quadrati
term in the eetive ation, and subtrating the (already written) lower-order
terms, to avoid double ounting. The expression an be put in the following
way,
Fring = 1
2β
∞∑
n=−∞
∞∑
i,j=0
ln
{
ω2n + m
2 +
4
θ
(i+ j + 1)
+
λ
3!2πθ
[S˜0(i) + ST (i) + S˜0(j) + ST (j)]
}
− F0 − P . (83)
Note that, for n = 0 and m = 0, the would-be IR divergent ontributions
are not only ured by the rst order orretion self-energy term, but also by
the θ−1 fator always present whenever there is a nite volume, whose origin
is the zero point energy of the two dimensional osillators. The summation
over the Matsubara frequenies an be performed leading to,
Fring = β−1
∞∑
i,j=0
e−β
√
m2 +Ei,j − F0 − P . (84)
where
Ei,j = 4
θ
(i+ j + 1) +
λ
3!2πθ
[S˜0(i) + ST (i) + S˜0(j) + ST (j)] . (85)
We onlude by mentioning an important outome of this expression: sine
eah element in the sum is no longer a funtion of i + j, the degeneray we
had for the free ase is lifted. This may be thought of as due to the fat
that, when inluding the φ4⋆ interation, the dynamial SU(2) symmetry of
the free theory annot be preserved.
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3 Conlusions
We have onsidered the perturbative alulation of the free energy for a non-
ommutative real salar eld theory in 2 + 1 dimensions in the presene of
a Grosse-Wulkenhaar term. We have rst shown, at the free (`ideal gas')
level, that the free energy for the GW-model has a qualitatively dierent
temperature behavior when ompared to the known result obtained by as-
suming the nonommutative theory to be dened on an innite volume from
the very beginning. The qualitative dierene being due to the appearane
of the dimensionless parameter
θT 2
4Ω
in (52). Moreover, for the known innite
volume (Ω = 0) ase, the free energy turns out to be θ-independent sine
the θ-dependene an solely arise from boundary terms whih vanish for our
hoie of boundary onditions.
Of ourse, one might have also onsidered the Ω = 0 ase in a nite-
volume situation. That proedure should also produe, we believe, a non
trivial large-volume limit, due to the interplay between the nonommutativity
and boundary onditions.
Regarding the perturbative orretions, in spite of the diulties to ob-
tain analytial results, some general properties learly emerge. Firstly, the
perturbative omputations and the harmoni potential form of the GW-term
suggest to interpret the volume of the system to be given by V ∼ θ/4Ω.
Seondly, in the thermodynami θ → ∞ limit, only planar graphs yield a
non-vanishing ontribution. Moreover, for the arbitrary Ω ase, one an
see that, again in the thermodynami limit, the ontribution of the planar
graphs, an be obtained from the alulation of the ones for the self-dual ase,
by a redenition of the propagator, whih essentially amounts to a resaling
of θ.
Finally, we have onstruted a series that represent the sum of the planar
ring diagrams, showing how the GW-term moderates its IR behavior. As an
outome, the alulation shows that the dynamial SU(2) symmetry present
in the free theory is not preserved when interations are turned on.
The renormalization proess that gives meaning to the perturbative om-
putations goes in omplete analogy with the ommutative ase. We have
shown that, as in the ommutative ase, at the rst perturbative order no
new divergenes appear at nite temperature, and the expressions get reg-
ularized, if the divergenes at zero temperature where already tamed. We
should mention nevertheless, that ontrary to the standard Ω = 0 ase, the
planar tadpole ontributions to the self energy depend on the external mo-
mentum.
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Appendix
Conventions
Nonommutativity aets the two spatial oordinates xi (i, j = 1, 2),
[x0, xi] = 0, [xi, xj ] = iθǫij ,
and is realized in terms of the star produt (1).
The Moyal-Weyl orrespondene [2℄,[22℄ maps integration on NC spae
to traes on Fok spae as∫
d2x f(x) = 2πθTr[Of ] (86)
The assoiation between funtions f(x) in NC spae and Weyl ordered op-
erators Of is via
Of (xˆ) =
∫
d2x f(x) ∆ˆ(x) (87)
where
∆ˆ(x) =
∫
d2k
(2π)2
eik·(xˆ−x) (88)
One an see that derivatives on NC spae an be implemented as
∂if =
i
θ
ǫij [xj , f ]. (89)
The matrix base funtions b(i,j)(x) appearing in the text are the Weyl ordered
representation in NC spae of the Fok spae operators |i〉〈j|. One therefore
has [b(i,j)(x)]† = b(j,i)(x).
On nite temperature energy sums
To separate the temperature dependene from the zero temperature ontri-
bution in expressions (65) and (67) we used the identity
∞∑
n=−∞
1
n2 + a2
=
2π
a
[1
2
+
1
e2πa − 1
]
(90)
19
Diagrammatis
To keep trak of the matrix indies of the eld in (23) a double line notation
is useful. The free theory two point propagator (60) an be drawn as
i1 j2−n
i2 j1
n
The fourth order vertex (15) in matrix base (56) is represented as
k2
k2
n1
k3
n2
k3k4
n3
k4
n4k1 k1
The rst order orretions to the free energy (61) are
Propagator orretions and self-energy
The two point propagator funtion is dened as
D(x1, t1|x2, t2) = 〈φ(x1, t1)φ(x2, t2)〉 . (91)
Translational invariane in t oordinate implies that D is a funtion of t1−t2.
The kernel D˜n in Fourier spae is dened by (see (18))
D(x1, t1|x2, t2) = 1
β
∞∑
n=−∞
∞∑
i,j=0
eiωn(t1−t2)b(i1,j1)(x1) b(i2,j2)(x2) D˜(i1,j1;i2,j2)n
(92)
where ωn are the Matsubara frequenies, and takes the form
D˜(i1,j1;i2,j2)n = 〈φ(i1,j1)−n φ(i2,j2)n 〉 . (93)
The rst order orretions to the propagator in a diagrammati expansion
are
i1 j2−n j1 i2
n =
i1 j2−n j1 i2
n +
i1
j1
−n
k j2
i2
n +
i1
j1
−n
j2
i2
n
k
+
i1
j1
−n
j2
i2
n
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